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Abstract: We provide necessary and sufficient conditions on the existence of com¬ 
mon hypercyclic vectors for multiples of the backward shift operator along sparse pow¬ 
ers. Our main result strongly generalizes corresponding results which concern the full 
orbit of the backward shift. Some of our results are valid in a more general context, in 
the sense that they apply for a wide class of hypercyclic operators. 

MSC (2010): 47A16 

Keywords : Backward shift, hypercyclic operator, common hypercyclic vectors, uniform 
distribution mod 1. 

1 Introduction 

We consider the space l 2 of square summable sequences over the field of complex 
numbers C endowed with the topology that is induced by the l' 2 norm || • ||2 : £ 2 —l-M + , 
where 

/ +00 \ 1/2 

||x|| 2 := ( X \xj \ 2 I for every x = (aq, x 2 , .. x n ,...) € £ 2 . 

V j =1 / 

We write || ■ || := || ■ || 2 for simplicity. Let B be the unweighted backward shift operator 
on £ 2 , that is 

B(x l ,x 2 ,x 3 , ...) = (x 2 ,x 3 ,...), for (xi,x 2 , ■ ■ •) € £ 2 . 

Let A € C, |A| > 1 and consider the set of hypercyclic vectors for A B, that is 

'HC(XB) := {x = (x\,x 2 ,...) € £ 2 \{(XB) n (x), n = 1,2,...} = £ 2 }. 

A comprehensive treatment on hypercyclicity can be found in the books |lj, [11 j . For 
the reader’s convenience we include the relevant definition. A sequence of continuous 
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operators (T n ) acting on a Frechet space X is called hypercyclic provided there exists 
a vector x € X so that the set { T n (x) : 77, = 1,2,...} is dense in X. Such a vector 
is called hypercyclic for (T n ) and the set of hypercyclic vectors for (T n ) is denoted by 
'HC({T n }). When T n comes from the iterates of a single operator we sat that T is 
hypercyclic and 7~LC(T) denotes the set of hypercyclic vectors for T, i.e. 

LLCfT) = {x € X : {T n x : n = 1,2,...} is dense in X}. 

It is well known that for every A € C with |A| > 1 the set 'HC(XB) is a dense, Gs 

subset of (£ 2 , || • ||) and as the reader may guess Baire’s theorem should be involved in 

the arguments. The following question arises naturally. If we fix an uncountable subset 

J C {z £ C| \z\ > 1} is it true that (") 7~LC(\B) / 0 ? In this direction, Abakumov 

A eJ 

and Gordon [1] proved that: 

n kc (\ b ) ± 0 , 

|A|>1 

the best possible result one can expect concerning the existence of common hypercyclic 

vectors for multiples of the backward shift. Later on, Costakis and Sambarino [Qj 

gave a different proof of this result, which, roughly speaking, is based on the so called 

common hypercyclicity criterion. In this criterion, Baire’s category theorem appears. 

Actually, Costakis and Sambarino showed that f) 'HC(XB) is a Gs and dense subset 

|A|>1 

of (£ 2 , || • ||); hence non-empty. What is interesting here is the uncountable range of A’s, 
which makes things harder if one wishes to apply Baire’s theorem. 

One can refine the above problem as follows. Let ( k n ) be a fixed subsequence of 
natural numbers. It is known, and very easy to prove, that the sequence ((A B) kn ) is 
also hypercyclic, that is, there exists x € l 2 such that the set {(A B) kn (x) : n = 1, 2,...} 
is dense in i 2 . Such a vector is called hypercyclic for ((A B) kn ) and the set of these 
vectors is denoted by LLC ({{XB) kn }). From the above it should be also clear, or at 
least expected, that TiC({{XB) kn }) is Gs and dense subset of (£ 2 , || • ||). 

Now we are ready to ask the following 

Question: Fix a strictly increasing sequence ( k n ) of natural numbers. For which 
uncountable sets J C {A £ C : |A| > 1} , 

p| UC{{{XB) kn }) /0 ? 

A eJ 

It turns out that the answer to this question depends heavily on the sequence ( k n ). 
In particular, what matters is how sparse the sequence (k n ) has been chosen. Our main 
result is the following 

Theorem 1.1. Let ( k n ) be a strictly increasing sequence of positive integers. 
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ft) 

ft*) 


+ 0O \ 

If < +°° then P| BC({{XB) kn }) = 0 for every non-degenerate interval in 

n =1 fcn \£l 


(l,+oo). 

+oo \ 

If — = +oo then the set f) BC ({(\B) kn }) is residual in i 2 , i.e. it 

n =1 hn AG(l,+oo) 

contains a Gs and dense set in 1 2 ; hence fl nc({(\B)^}) ± 0 . 

Ae(1,+oo) 


+oo 1 

(Hi) If — = +00 there exists a Gs and dense subset V in {A € C : |A| > 

n=l "71 

1} with full 2-dimensional Lebesgue measure in {A € C : |A| > 1} such that 
r\\ e .'pHC({(XB) kn }) is residual in 1 2 . In particular, HagP BC ({(XB) kn }) / 0. 


Unfortunately we are unable to show whether V in item (Hi) of Theorem 1 1.1 1 can be 
replaced by {A € C : |A| > 1}. So, this remains an open problem. On the other hand, 
both items (i) and (in) hold in a more general setting (there is nothing special if one 
choses to work with the backward shift) and this is evident if one follows the relevant 
proofs, see sections 2 and 4. For instance, the interested readers will have no difficulties 
in formulating general statements for items (i) and (in) that involve operators T so 
that for a given sequence of positive integers (k n ), the sequence((AT ) kn ) is hypercyclic 
for every A lying in some interval or annulus, possibly with infinite length or infinite 
area. We mention that a kind of similar line of research is pursued in m, ina, m, 
pa, m, where questions similar to the above one are studied for translation type 
operators acting on the space of entire functions. Results on the existence of common 
hypercyclic vectors for uncountable families of operators and, in particular, of backward 
shift operators can be found in m 0, 0, 0, 0, 0, EH, ESI, E3- Our paper is 
organized as follows. Each one of the following sections 2, 3, 4, is devoted to the proof 
of items (i), (ii), (in) of Theorem 11.11 respectively. 

The proof of item (i) relies on an estimate which concerns the size (in terms of 
Lebesgue measure) of the set{^ € C| \z n ■ w — 1| < e} n [ m,M ], for given w € C, 
e > 0, 1 < m < M. This approach is implicit in a, m , m and refines an idea of 
Borichev. The common hyper cyclicity criterion due to Costakis and Sambarino cannot 
be applied in order to conclude item (ii). What we do, is to refine in a sense this 
criterion in the particular case of backward shift. It seems plausible that our method 
will possibly work for other operators as well. We mention that there are quite a few, 
relatively new and powerful, criteria establishing the existence of common hypercyclic 
vectors for uncountable families of operators, see 0,0, E3- However, it is not clear 
to us whether these criteria can be used in our case. Finally, the proof of item (m)relies 
on the following three ingredients: 1) item (ii), 2) a metric result of Weyl which says 
that, if (k n ) is a given sequence of distinct integers then the sequence (k n x) is uniformly 
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distributed mod 1, see Theorem 4.1 in [183, an d 3) Cavalieri’s principle, see page 149 
in [12] . Actually, to prove item (in) we elaborate on the proof of Proposition 5.2 from 

[ 33 - 

2 A negative result 

+ 0O 1 

Fix a subsequence ( k n ) of natural numbers such that ~r~ < +°o. Our goal, in 

n =1 

this section, is to show that H HC ({{XB) kn }) = 0. First of all we need two helpful 

A eJ 

lemmas. 

Lemma 2.1. Let zo £ C, No G N, eo G (0,1) be three fixed numbers. 

We consider the set 

G := G{zq,Nq,£q) = {z € C| | z No ■ z 0 - 1| < £o}- 
Then G is an open subset of C. 

The proof of Lemma 12.11 is straightforward and is omitted. We proceed with the 
following 

Lemma 2.2. Let zq £ C, Nq £ N, Ao > 1, £q £ (0,1), /io > 1, My > ^t 0 be fixed. 
Using the notation of the previous lemma, the following estimate holds. 

X(G(z 0 ,N 0 ,e 0 ) n [/r 0 , M 0 ]) < M 0 • ( ~ l) ■ 

Proof. Suppose that G i := G(zo, A 0 , e 0 )n [^o, M 0 ] 0, (the other case is trivial for the 

proof). Since G*i is open it contains two different elements ao and Aq where ao < Aq. 
By the definition of G(zq, Nq,£q) it follows that 

|a^°z 0 - 1| < £o- (1) 

We have zq 0. Using (JTj) and the triangle inequality we get 

M > (2) 

a 0 

Let zo := t\ + t 2 i, where t\ = Re(zo) and t 2 = Im(zo). Then, 

| a*°z 0 - 1| 2 = \z 0 \ 2 a 2 0 No + 1 - 2t ia ^°. (3) 

By Q and ([3]) we conclude that 

MW) 2 - 2ti(0 + (1 - Ejj) < 0. (4) 
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Consider the trinomial 


Mv) ■= M V - 2 ti y + (1 - £q). 


Because ^(a^ 0 ) < 0, by ([4]) and |zo| 2 > 0 (20 7 ^ 0) the trinomial A{y) has positive 
discriminant A > 0 and two roots p\ and p 2 , where p\ < P 2 and A^° < p 2 (*) (it 
follows easily by the above that P 2 > 0 as well). Hence, 


P 2 < 


1 + £0 

M 


By (I2|), (*) and © we get 




1 + So Nq 


0 < r ' a 0 


1 — £0 

So, for every a, A E G\, a < A, 


Aq — ao < Mq 


1 + Go 
1 — £0 


- 1 


A — a < M 0 


1 + £0 
1 — £0 


- 1 


This gives that 

<S(Gi) <mJ N ' 


1 + GO 
1 — £q 


— 1), where <5(Gi) is the diameter of G\ 


(5) 


( 6 ) 


( 6 )' 


(7) 


The set G\ is open in [/jq, Mq] and bounded, so 


Gi C [inf Gi, supGi] =» A(Gi) < A([inf Gi.supGi]) = supGi -infGi = 5(Gi). (8) 

By ([7]) and © we arrive at 

A( 0 l) <A V (yi±|_i) 

and the proof of Lemma 12.21 is complete. ■ 


Now we are ready to prove the main theorem of this section. 


Theorem 2.3. Let (k n ) be 
Then 


+OO 

a subsequence of natural numbers such that ^2 

71=1 


1 



< + 00 . 


p| nc({(\B) k M) = 0. 

Ag(1,+°°) 

Proof. We fix two positive numbers po, Mq such that 1 < po < Mo < + 00 . It suffices 
to prove that 


Pi uc({{\B) k M)= 0 . 

Ae[/i0i Mq] 
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We set 


+oo 


1 


a 0 :=^2 — <+°o 


kn 

n= 1 

M 0 — MO' 


and fix some positive number Jo £ fo, —-—— Y For instance we may take So '■= 

\ a- o / 

Mo — Mo - - - Sn iQ_ _ _ 1 + X 


1 + X 


. It is obvious that- > 0, so e M o >1. Because lim 

2(Jo Mo a:->0+ 1 — X 

some positive number £o £ (0,1) such that 

1 + £q is. 

-- < e M o . 

1 — £0 

We now fix some positive number £o £ (0,1) such that (JT]) holds. 
There exists some natural number Nq £ N such that 


= 1, there exists 


(1) 


f-^ + 1 

\M 0 N 


N 


> 


1+^0 
1 — £q 


( 2 ) 


for every N € N, N > No, by ©• To arrive at a contradiction, suppose that 
H T~LC({{\B) kn }) 7^ 0. We fix some 

Ag[/xo,Mo] 


x 0 ■■= (X!,x 2 , ■ ■ ■) € Pi nC({(AB) kn }) 

A€[/io,Mo] 

and let e\ := (1,0,0 ,...) £ i 2 . We fix some Aq £ [mo>Md]- Since 


x 0 € P HC({(AB) fc "}), 

As [/to,Mo] 

there exists a subsequence (m™) of (fc n ) such that (Ao-B) Mn (xo)—>-ei. For £i := £q/ 2, 
there exists some natural number no > A^o such that 


||(AoB) /i71 (xo) — ei|| < £i for every n > no- (3) 

By (J5J) we get 

— 11 < £i for every n £ N, n > no. (4) 

Though Ao is fixed, we apply the above for every A € [mo> Mq], Hence, dH) implies that 
for every A € [mo , Mo] there exists some natural number v > No such that 

\X kv x kv+1 - 1| < £i. (5) 

Setting 

L -={A € [mo- M 0 ]/3 v > N 0 : |A fc ”x fctJ+1 - 1| < £i}, 
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we get L = [/i 0: M 0 ], by ©. Consider the set 


M\ := {u € N/u > Nq and 3 A € [/to, Mq] such that \\ kv Xk v +i — 1| < £i}. 


Then, Mi / 0 by ©. 

Let v € Mi and define the set 


G v {A € |>io,Mo] 


\\ kv X kv+ i - 1 | < El). 


It is obvious that G v / 0 for every v € M\. By Lemma l2Tl G v is open in [/iq. Mo] for 
every v € Mi and 


[mo,M 0 ] = (J G v . (6) 

rSA/i 

By the properties of Lebesgue measure, Lemma 12.21 and © we have 


Mq - Mo = 


Mo — A([M0 i Mq]) — A ( u G.) £ E A (G„) 

' riSA/i ' u£A/i 


< E M 0 

+oo 

< M 0 • Y, 

v=Nq 


Observe that rr ——- > —-, since 


1 + El 
1-El 


- 1 


1 + £l 

1 - £l 


- 1 


1 - £ 0 1 - £l ' 


£l € (0, £q). 


By © and © we get 


1 + £l 

1 - El 


- 1 < 


<5o 


M 0 k v 


for every v > Nq 


and ©, © imply that 


(7) 

( 8 ) 

(9) 


( 10 ) 


(by the definition of do)- Obviously, the inequalities © and (flOl) are in contradiction 
and this completes the proof of Theorem 12.31 ■ 
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3 The positive case in the half line (l,+oo) 


Throughout this section we fix a subsequence (k n ) of natural numbers such that 

+oo i 

Y — = +oo. We shall prove the following 

n=l n 

Theorem 3.1. The set HagIi +oo) BC ({{\B) kn }) is a residual subset of (f 2 , || • ||). 


In order to prove Theorem 13.11 we assign some notations and terminology. Let 

D := {x = (xi, x 2 1 ...) € £ 2 \{n € N|x n / 0} is a hnite subset of N and x n <E Q + iQ 

for every n = 1, 2,...}, where Q is the set of rational numbers, The set D is countable 

and dense in (t? 2 , || • H 2 ). We set 0 := (0,0,...) € £ 2 and D* : = H\{0}. Let F : = 

{ 7/1 , 2/2 1 2/3 5 ■ ■ ■, 2 In, • • •} be an enumeration of D*. We fix a strictly decreasing sequence 

of positive numbers (o n ) such that a n —>■ 1 (for example a n := 1 H—, n = 1 , 2 ,... ) and 

n 

we also fix a strictly increasing sequence (/ 3 n ) of positive numbers such that (3 n —>• + 00 
and ai < (for example f3 n = n + 2, n = 1,2,... ). Then we set A n := [a n ,/5 n ], 
n = 1 , 2 ,... . Of course, the sequence of compact sets A n , n = 1 , 2 ,... forms an 

+OO 

exhausting family of (l,+oo), i.e. (l,+oo) = (J A n . 

n =1 

For every n, j, s. rri £ N let us define 


EA n (j,s,m) := {x = (xi,x 2 ,...) G £ 2 


for every A € A n there exists some v € N, v < m such that 

||(AB) l -(x)- w ||<i}. 

We finally set 

+CXD +OO +OO +OO 

G:= n n n u 

n =1 j =1 s=l m= 1 

Lemma 3.2. For every n,j,s,m € N the set E/\ n (j, s,m) is open in (£ 2 , || • ||). 
Proof. The proof is easy and we leave it to the reader. 

Lemma 3.3. We have 

G C p| UC({(\B) k -}) 

Ae(i,+oo) 

Proof. The proof is trivial. ■ 

We proceed with two more lemmas that lie in the heart of the argument. 


Lemma 3.4. Let ao, fy) t' wo positive real numbers such that 1 < ao < bo < + 00 . Let 

+00 ^ 

(k n ) be a subsequence of natural numbers such that Y T~ = +°°- Then for every posi¬ 
ng 

tive number e > 0 there exists a finite number of terms k no ,k no+ i, 
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.. k no+ i 0 of (k n ) for some natural numbers no, io and positive numbers (3I 1 P 2 , ■ ■., Pi 0 +i 
such that: for every A G [ao, bo], there exists some j G {0,1,..*o} such that 

\\ kn o+i/3 j+1 - 1 | < £. 


Proof. We fix some positive number £o G (0,1). After we fix some natural number no 
such that: 

log(l + £ 0 ) 


kno ^ 


log 


(1) 


+oo l 

Of course - - = +oo. So by (JTJ) there exists the unique natural number io € 

j =o hno+j 

{0, 1 , 2 ,.. .} such that 


E 


(1 + £ 0 )*=° no+i < — and 
ao 


• 0+ 1 , 

E 1 


(l+£ 0 ) i=0 Kn ° +j > —• 

ao 


( 2 ) 


(3) 


We set P i := 


a kn o 


Then for every A G [ao,&o] such that A < ao • kn y/l + £q, we get 


|A fcn o • Pi - 1| < e 0 . 


After we set a\ := ao • kn ^J\ + £q and P 2 '■= 


1 


‘ c n 0 + 1 


Then, for every A G [ai, 60] with A < ai • kn o+^/l + s 0 we have |A fe "o+ 1 /3 2 — 1| < £o- 
We continue inductively. 

i—1 

E 


We suppose that we have defined the number a* = ao(l + £o) J ~° " 0+J for some 
i G {1 j 2,..., *o 1} ■ 

£ . 

After we define Pi + \ := 1/aT 0 1 and for every A G [a*, bo] with A < aj • kn o+^/\ + £0 
we get |A fe ”o+* • p i+1 - 1| < e 0 . 

Because ao < a± < < ■ ■ ■ < at 0 < bo and aj 0 is the maximum number in (ao, bo] 

that we can obtain with the above procedure, after a finite number of steps we exclude 
the interval [ao, 60] and we get the conclusion of this lemma with the following data: 

We have 

o i = oo-n(l + £o)^ for every i=l, 2 ,...,i 0 
3 =0 

Pi+ 1 = 1 /a^ 0+! for every i = 0,1 ,..., i 0 . 

It follows that for every A G [a*, 60] where A < a* • kn o+^/T+To we have: 

\\ kn o +l p i+l — 1| < £ 0 for every i = 0,1 ,..., i 0 . 


With the above data the proof of this lemma is completed. ■ 
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+oo { 

Lemma 3.5. Let (k n ) be a subsequence of natural numbers such that E — = +oo. 

n =1 


Then for every positive number M > 0 there exists a subsequence (p n ) of (k n ) such 
that: 

(i) /J-n+i — p n > M for every n = 1,2 ,... and 
+oo ]_ 

(n) E — = +°°- 

n =1 Tn 


Proof. We fix some positive number Mq > 1. 

Let iVo : = [M 0 ] + 1 > 2 (where [x] is the integer part of x G 1). 

We consider the subsequences {pp) p = 1 , 2 ,... = (kpN 0 +j)p= 1 , 2 ,... of (. k n ) for every j = 
0,1,. - -, 2V 0 — 1, that is fij, := k pNo+j , p = 1,2,... for j = 0,1,.. N 0 - 1. 

We fix some jo € {0,1,..., ATq — 1}. We consider the subsequence (p p °) p= of 

{k n ). 


Claim 1. 

For every vi,V 2 € N, v± < V 2 we have: k V2 — k vi > V 2 — v\. 

Proof of the Claim 1. 

Because (k n ) is a subsequence of natural numbers we have: 


^m+i ^vi — 1) k v i_)_2 k v i_|_i ^ 1,.. 

k v 1 + (v 2 - vi) - k vi + {v 2 - vi) - 1 > 1 

Adding the above inequalities we take the conclusion of Claim 1. 

We apply Claim 1 for the terms of subsequence {p P °) p =i, 2 ,... and we have: 

< +1 -<>M 0 . (1) 

By m we have that each one from the subsequences (^p) p =i,2,... for j = 0,1,..iVo — 1 
of ( k n ) satisfies (JH) . It is obvious, by the definition of the sequences (p P ) p =i, 2 ,..., for 
j = 0,1 ,..IVo — 1 that these do not have common terms by pairs and every term of the 
sequence (k v ) belongs in a unique subsequence {p J P ) p =i : 2 ,... for some j G {0,1,..Ao — 
!}■ 

This gives that 

+00 1 No—i 

f-£ 

3=0 

+00 1 

Because — = +00, the relation <[2|) gives us that there exists one j € {0,1,..., IVo — 1} 

n= 1 

+00 l 

at least such that — = +00, where the subsequence {p 3 p ) of (k n ) satisfies the 
P= 1 Tp 

properties (i) and (ii) obviously and this completes the proof of this lemma. ■ 



+OO 


e4- 

P = 1 & 


(2) 
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After the above preparation we are ready now to prove the following lemma that is 
the basic result that gives us Theorem 13.11 

+OO 

Lemma 3.6. For every n,j,s € N the set (J Ea u ( j, s, m) is dense in (£ 2 , || • ||). 

771=1 

+oo 

Proof. We fix no, jo, so € N and we will show that the set u Ea uo (jo, So, rn) is dense 

777=1 



+00 

We set E := (J Ea (jo,so,m) for simplicity. 

777=1 

Let y jo := (qi,q 2 ,.. .,q vo ,0,0,...) where q vo ^ 0, y jo (v) = q v , for every v = 1,2,..., 
yj 0 (y) = 0 for every v > vq + 1, and qj E <Q> + iQ for every j = 1,2,.. .,vq, for some 
fixed vo E N. 

We fix e 0 > 0 and Co = (ci, c 2 , ■ ■ -,c vi , 0, 0,...) E D where c vi ^ 0, v\ E N, fixed, 
co{v) = c v for every v = 1, 2,..., co(u) = 0 for every v > v\ + 1, Cj E Q + zQ for every 
j = 1,2,..., . We consider the ball Sp (co, £o) := {x E l 2 1 \\x — co|| < £o}- 

We will show that 

E n Sjp(co,so) ± 0. (*) 


In order to show the relation (*) it suffices to show that there exists some xo = 
(xi,x 2 ,.. .,x n ,...) € f 2 and mo £ N such that 

(i) ll^o - c 0 || < e 0 and 

(ii) for every A E A no there exists some v E N, v < mo such that 

IKAB^M-WolK-' (i) 

So 

We will succeed (i) and (ii) above as follows: 

From the data of the problem we define a finite number of complex numbers Xj, 
j = l,2,...,£o for some fixed £q E N. 

Afterwards, we define the sequence xq := (xi,x 2 ,.. .,X£ o ,0,0) where xo (j) = Xj for 
every j = l,2,...,£o and xq (j ) = 0 for every j > £ o + 1. So we have xo € £ 2 ■ 

We define also a natural number mo- 

Finally, we show that xo and mo satisfy properties (i) and (ii) of (pQ) as above. 
Without loss of generality let A no := [ao,bo], where 1 < ao < bo < +oo. We set 


Mi := max{1^1, j = l,2,...,v 0 }> 0. 


We also set 


M, : = 


1 


2 log a 0 


■ log 


2s 


Ml 


vo 


1 - — 

«0 


By Lemma [3751 we choose a subsequence (ii n ) of (k n ) such that the following two prop¬ 
erties hold: 
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(i) /J, n +i — /i n > max{M 2 , uo} for every n = 1,2,... and 

+oo 1 

(ii) E — = +oo. 

n= 1 Mn 

We set ei := . -. 

-v/2^0 • so ' Mi 

Now we can choose some fixed natural number u 2 E N such that the following three 
inequalities hold: 


a) /z„ 2 > v\ + 1 

log(l + £l) 


b) n V2 > 


log 


C) fXy 2 > 


2 log a 0 


■ fog 


Vo 


■Ml 


4-oo \ 4-oo \ 

Because E — = +°° we have E - = +oo. 

n — 1 «—n M? Jo -1-1 


1- 

a o 

4-oo \ 


n =1 Mn j=0 IMi- 2 +j 

Let zq be the unique natural number zo € {0,1,2,...} such that 


*o “o-t- 1 

(l + £i)S'^ < — and (l + £i)S ^ > — (2) 

ao ao 

We set m\ := u 2 +Zo- The natural number ru.i is the natural number in order dU holds. 
That is let tuq be the unique natural number such that: k mo := /z mi . Then mo is the 
natural number we search in ([T|). 

Now, we are ready to define the vector xo = (xi,x 2 ,...) € £ 2 straightforward with 
full details. 

We define Xj = Cj for every j = 1,2,.. v\. We define Xj = 0 for every j € N such 
that: v\ + 1 < j < n V2 . 

4-oo ]_ 

Because E — = +°°> we can apply Lemma 13.41 for the sequence (// n ). By the 

n=l l^n 

relations (b) and d2J) above that the numbers u 2 and £i, zo satisfy and using Lemma 
13.41 for the sequence (//„) we take that there exists a finite number of positive numbers 
/3 i,/3 2 , .. .,/3i Q+ i that are defined completely in Lemma 13.41 from our data such that for 
every A € [ao, i>o] there exists unique j € {0,1,..., zq} such that 


\\Vv 2 +ip j+1 - 1| < El. 


(3) 


We remark by the previous Lemma 13.41 that for every A G [ao, bo] there exists unique 
aj, i € {0,1,..., zo} such that a^ < A < aj+i if z < zo — 1 or aj 0 < A < bo, where the 
numbers aj, i = 0,1,..., zo are defined completely by Lemma [71741 

So, we have defined completely the positive numbers f3j + 1, for j = 0,1,.. .,zq. 
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Now, we define x t i,„ 2+i +j = Pi+iQj for every i = 0,1,..., z 0 and for every j = 
1 ,2,.. ,,v 0 . 

The previous terms x Pv2+i+ j for i = 0,1,...,zo, j = 1,2 ,...,vq are defined well 
because p, n +i — p n > vo for every n— 1, 2 ,... by the definition of the sequence (/z n ). 

Finally, we define that xj = 0 for every j E N, j > p V2 for which there exists not 
z € {0,1,..., z 0 } and j\ E {1,2,..., v 0 } such that j = p V2+l + j\. 

By the previous procedure we have defined completely the vector 
xq = (xi, X 2 , ■ ■ -,x n ,...) where {n E N|x n / 0} is finite and thus xo € £ 2 obviously. 

Now, we show that the vector xq satisfies relation (JTJ). 

Firstly we prove that xq € Sp(co,£o). 

By the definition of the vector xq we get: 


+oo 


11*0 -c 0 || 2 : = Y 


Xj Cj I — 


+oo 

E 


Xj 


j=v 1+1 
2 


j =1 

vo i o 

= EE X V-v 2 +i+3 I 

j= 1 *=0 

vo io vo io 

= EE \Pi+iQj\ 2 = X>/X>+ii 2 

j= 1 2—0 J=1 2—0 

< vo Ml • ^ |A+i | 2 = v 0 Ml ■ Y -2j— 


i=0 

io 


i=0 a i 
+oo 


i =0 

o 1 1 2 

= v ° M i -r < £ ° 


v=2fi V2 ' 0 




1 - 


a o 


(4) 


by the inequality (c) above for p V2 . 

Inequality (J4|) gives that xq E Sp(co, £q), so property (i) of (P) holds. 

We show now that property (ii) also holds. 

We fix some A E [ao, bo]- Then there exists unique po E {1,2,..., zo — 1} such that 

i 

a P0 < X< a P0 • (1 + £o) IJ,V2+PO or a io < A < b 0 . 

We show that 

\\(XB)^2+ Po ^ X0 )-y jo \\ < 1. 

so 
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We have: 


\\(XB)^2+po( X 0 ) - y jo || 2 =J 2 \^ vo+p °x flv2+PO+j ~ qj I 2 

3 = 1 

+oo 

+ E \^ V2+P0 *^ 2+P0 +j\ 2 - (5) 

j=v o+l 

By definition we have for j = 1, 2,.. v 0 +>,, 2+P0 +. ? = /3 po +i^- So, for J = 1,2,..u 0 

1 

and A G [a po ,a po +i], where a po +i = a po ■ (l + ei) M “ 2+P0 or A G [a Po ,b 0 \ if p 0 = i 0 we have 

|A^ 2 +Po^ 2+po+i - qj \ 2 = |A^2+Po/3 po+1(?j - g/ 

= |A^2+Po^ o+1 _i| 2 | (?i | 2 

< |A^2+po/ 3 +1 - 1| 2 • Mf < e?Af? = —E. 

2v 0 Sq 

So we have: 




Y, |a m ” 2 +poc 
j=l 


++2+P0+-? < 9 s 2‘ 


If po = i() the second member of ((SJ) is 0 and the conclusion holds by ( 
So for the sequel we suppose that po < *o — 1- In this case we get 


+oo 


Y \X^ +po x 

j=V 0 + 1 


VO *0— po 

■I 2 \ 2 ^ V 2+P0 \ ' \ ' I rp . 12 

/ J ’v 2 +P0+j\ ' / j / j l‘ i/ Mu2+P0+ i ~*"^ ' 

3 =1 * =1 
Vo *0“P0 

= A^+PQ^y 2 ^ |£ po+m | 2 
J =1 i=l 
io—p° 

< X 2pv2+P °v 0 Ml Y l/^Po+i+il 2 


2=1 

K)-po 


A 2 ^2+P0 V 0 M 2 Y 


1 


*=1 a 


l'0—po 

X 2 ^2+ POVo Mf Y 


Jtv 2 +P0 + i 

Vo+i 


\ 2 


< 


t—1 ^Po + l 

+oo 


"2+P0+* 


C \ 2fiv 2+P0 VqM 2 ■ Y 


1 


v— 2p„ 2+P0+ i P0+1 


= A 2/iv 2+po Vq M 2 - 


1 


1 


2/i„ 2 +Po + l 


>0+1 


1 - 


a Po+l 


( 6 ) 
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1 


1 


< a 


2^2+p 

P+1 


V Q M{- 


2pu 2 +p 0 + l 


> 0+1 


1 

1- 

«0 


< 


Vo Ml 



ao 


vo M'l 



a o 


1 

2(/i„ 2 +po + l — P"2+Po) 
%+l 


1 1 

2(/i„ 2+P0+ i—/i„ 2 +p 0 ) 2 Sn 

a 0 u 


( 7 ) 


because p v +i — p v > M 2 for every v > V 2 by the hypothesis (i) for the sequence (/r n ). 

By ©, © and © we get that || (XB) flv 2 +po (x 0 ) — yj 0 1| < — for the arbitrary 

so 

A G [ao,6o]. This completes property (ii) of © and the proof of this Lemma [3.61 is 
completed. ■ 


Now by Lemmas 13.2113.3113.61 and the facts that the space (f 2 , || • ||) is a complete 
metric space and Baire’s category Theorem the proof of Theorem 13.11 is completed. 


4 A result in measure and category 

In this section we prove item (m) of Theorem ll.il Actually, we shall prove the following, 
more general, result. As we already mentioned in the Introduction, its proof elaborates 
on the proof of Proposition 5.2 from 0. 

Theorem 4.1. Let ( k n ) be a strictly increasing sequence of positive integers. Let T be 
a bounded linear operator acting on a (complex) Banach space X such that ((A T) kn ) is 
hypercyclic for every A € C with |A| > 1 and assume in addition that 

f| HC ({{\T) kn }) / 0. 

Ae(1,+oo) 

Then, there exists a G$ and dense subset V in { A £ C : |A| > 1} with full 2-dimensional 
Lebesgue measure in {A € C : |A| > 1} such that Ox^pTLC{{{\T) kn }) is residual in X. 
In particular, Hagp TIC{{{\T) kn }) / 0. 

Proof. By performing a change of variables it suffices to prove the following: 

Claim. Fix x € p) TLC({{XT) kn }). Then there exists a Gs and dense sub- 
Ae( 1 ,+00) 

set A of (l,+oo) x R with full (2-dimensional) Lebesgue measure such that the set 
{(( rT) kn x , e 2mknd ) : n = 1,2,...} is dense in X x T for every (r, 9) € A. 

Here T denotes the unit circle, i.e. T = {z G C : \z\ = 1}. 

Proof of Claim. Let {Xj : j G N}, {ti : l G N} be dense subsets of X, T respectively. 
For every j,l,s,n G N define the set 

Aj,l,s,n ■= jp-,0) G (1, Too) x R : \\{rT) kn x - Xj\\ < \ e 2mkn6 - tj| < -^ j . 
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We shall prove that the set A := flj i s U n Aj,i lS ,n has the desired properties. Since 
Aj t i, s ,n is open we conclude that A is Gs■ Let us show that A is dense in (1, +oo) x R. 
In view of Baire’s theorem it suffices to prove that for any fixed j.l, s E N the set 
U n Ajj tSj1l is dense in (1, Too) x R. To this end, fix j, l,s € N and let b > 1, a € R and 
e > 0. We seek r > 0, 9 E R and n E N such that 

\b — r| < e, \a — 6\ < e, \ti — e 2mkn6 \ and \\{rT) kn x — Xj || < 1/s. 

Dehne the set B := {k n : \\{bT) kn x — Xj || < 1/s} and consider its elements in an 
increasing order, say k pi < k P2 < ■ ■ ■ . Of course, we have B = {k Pn : n E N}. Now 
we use Weyl’s theorem, see Theorem 4.1 in page 32 from m, to conclude that the 
sequence ( k Pn 9 ) is uniformly distributed modulo 1 for almost all 9 in R. Hence, there 
exists 6 E R such that the set {e 27Tlkpn ° : n E N} is dense in T and \a — 9\ < e. Finally, 
setting r := b and from all the above we conclude that there exists n := p m for some 
m E N such that 

\b — r\ < e, \a — 9\ < e, \ti — e 2mkrie \ and \\(rT) kn x — Xj\\ < 1/s, 

which is what we wanted to prove. It remains to show that A has full measure in 
(1, Too) x R. Actually, it is enough to prove that the set (J n ^j,i,s,n Las full measure in 
(1, Too) x R for every j , I,sEN. Fix j, l, s E N and take any four numbers di,d, 2 ,d, 3 , d 4 
with d\ < c?2, 1 < c?3 < g? 4. For any subset B of (l,Too) x R the symbol B r stands 
for its section, i.e. B r := {9 E R : (r, 9) E E} and for simplicity reasons we set 
E := IJn Aj.l.s.n- Observe that the proof of denseness result implies that for every 
r E [^3,^4] we have (r, 9) E E for almost every 9 in R (of course the set of such 0’s 
depends on r). It now follows that 

p{(Er ([g? 3 , c/4] x [di,d 2 ])) r ) = d 2 - di = Ai(([d 3 ,d 4 ] x [di,d 2 ]) r ) for every r E [cZ 3 , d 4 ], 

where p denotes the Lebesgue measure, and by Cavalieri’s principle, see page 149 in 
[12], we conclude that 

p x p(EH ([d 3 ,d 4 } x [di,d 2 ])) = (d 2 - d 1 )(d 4 - d 3 ). 

Thus, E has full measure in (l,Too) x R. This completes the proof of the Claim and 
hence that of Theorem tm 

Item (n) of Theorem 11.11 and Theorem 14.11 directly imply item (to) of Theorem ll.il 
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